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Foreword

Basic properties of radionuclides such as half-life, decay mode and branchings, as well as radiation
energies and emission probabilities are commonly used in various research fields. To meet the demand for
these data the Laboratoire de Métrologie des Rayonnnements Ionisants (LMRI, France) produced a table
that was published in four volumes that covered the 1982-1987 period. In 1993, a cooperative agreement
was established between the Laboratoire National Henri Becquerel (CEA- LNHB, France) and the
Physikalisch-Technische Bundesanstalt (PTB, Germany) to continue and expand this work. In 1995 the
Decay Data Evaluation Project (DDEP), a new international collaboration with the same objectives, was
formed. Along with the evaluators from LNHB and PTB, this collaboration has included others from
Idaho National Engineering and Environmental Laboratory (INEEL, USA), Brookhaven National
Laboratory (BNL, USA), Lawrence Berkeley National Laboratory (LBNL, USA), and Khlopin Radium
Institute (KRI, Russia). The goal of the DDEP collaboration has been to produce carefully evaluated
radiation properties, which eventually may be accepted as standard data. Thus, the collaboration has
adopted a uniform evaluation methodology that emphasizes the following aspects:

e Critical compilation and evaluation of relevant publications;
e Accounting of all published experimental results;
e Uniform approach to the statistical analysis of the data;

Hardcopy or electronic publications of atomic and nuclear radiation properties;
e Hvaluation reviews by two other members of the DDEP collaboration.

Another objective of the DDEP collaboration has been to disseminate these critically evaluated
data so they may be included in other decay data collections, thus avoiding possible duplication of efforts.
The collaboration published its first evaluations in two volumes in 1999: one with the recommended data,
the other with a description of the data analysis.

The DDEP collaboration became larger with new members from the International Atomic
Energy Agency (IAEA, Austria), Argonne National Laboratory (ANL, USA), University of Sao Paulo
(USP, Brazil), National Physical Laboratory (NPL, UK). At present, DDEP evaluations may be found in
a Monographie from the Buteau International des Poids et Mesures (BIPM), in NUCLEIDE, a CD-Rom
published by the LNHB, and on Internet at:

http://www.nucleide.org/NucData.htm

Recently, new scientists from the National Institute for Physics and Nuclear Engineering (IFIN,
Romania), the Centro de Investigaciones Energeticas, Medioambientales y Tecnologicas (CIEMAT,
Spain), the National Physical Laboratory (NPL, UK), the Korea Research Institute of Standards and
Science (KRISS, South Korea), and the Comisién Nacional de Energia Atémica (CNEA, Argentina) have
expressed their interest in evaluating nuclear decay data. Therefore it seemed useful to organize a training
workshop for these new members. This workshop was held at the Commissariat 2 I.” Energie Atomique
(CEA, Saclay, France), from March 6 to March 10, 2006. Experienced evaluators gave lectures on
evaluation and statistical analysis of data. Practical sessions were devoted to the use of pertinent computer
codes, and some specific evaluations were presented. Finally, students were invited to talk about the
evaluations they had prepared.

Thursday, March 9, a visit of the BIPM (Pavillon de Breteuil, Sévres) was organized in the
morning. Professor Giorgio Moscati, President of the CCRI, welcomed the participants and underlined
the importance of producing carefully evaluated data that may be used as standards. Also, he encouraged
evaluators to pursue the publication of another Monographie. The members of the DDEP express theirs
thanks for their lectures to Professor Moscati, as well as to Carine Michotte and Guy Ratel, also from
BIPM.
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|SOMERS ANDNUBASE

e (gs-—isomer identification
if yv-emission=-NsSDD
if no v =decay energy to other nuclide
—> AME
e NUBASE ‘horizontal’ evaluation
half-lives
spin and parities
decay modes
—which state is the ground-state
—>which states are involved in a
masgrelation
e Other needs for NBASE
radioactive parameters for calculationg
reactors
waste management
nuclear astrophysics
prepare nuclear physics experiment

J

\
1csnsm . audi |

f )
NUCLEAR DATA

e Static Nuclear Data
masses
Tijp & JT
excitation energies
decay modes at rest and intensities
decay from excited states
neutron capture cross-sections
magnetic moments & radii

e Dynamic Nuclear Data
reaction cross-sections
reaction rates
reaction mechanisms
spectroscopic factors

\
lcsnsm c. auwi | /

[
“HORIZONTAL
EVALUATIONS”

e Atomic Mass Evaluation AE
Wapstra since 1959 + G.A. since 1981
e NUBASE
Blachot, Bersillon, Wapstra, GA (1993
¢ Radii, spins and momenism
isotope shifts - hyperfine structure - Otten 198
.. .isotope shifts: Aufmuth (1987)
...moments: Raghavan (1989) + Stone(1999)]
...radii: Angeli 1991 — Nadjakov 1994
e |sotopic abundances
Holden
e Fyr andB(E2) of e-e nuclides
Raman et al.

\ .
|csnsm c. aud |

84

" Static" Nuclear Data

=4
=3
=2

structures
and SR
— N ™| decays |N|N N
(I Il I
<< ||| EED el <

(NSDD network)

“masses (Ame)

Ame created by A.H. Wapstra (Amsterdam) in 1959
since 1981 together with G. Audi (Csnsm — Orsay

interaction AMe  <—-» Ensdf
=> NUBASE : masses
isomers B
T2
NES

decay modes & intensities
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UNCEITAINTIES OF PARTICLE EMISSION PROBARBILITIES

Direutly measured particle emission probabilities

1007,

- 1001,
Pl(%)‘ RS and pz(%)_

T

The emission probability of the ith particle group is given by

B,
Pr(%) =

S | (1)

- where I, is the relative spectral intensity of the ith particle group (with statistical uncertainty d/,), B is the

percentage particle branching (with statistical uncertainty dB), and the summation is over all particle
groups k.

The fractional uncertainty of p,(%), calculated in first order approximation in a Taylor series expansion,
as in ref, [1], is

1/2

+ ( dBB)Z . (2)

& 2 . yk'_,df,f
Homdlva I‘Ejjj}k +(ka)2

The first term in the second member of this equation gives the contribution from the uncertainty of the
relative spectral intensity of the ith particle group, and the second term, that of the normalizing factor
(100/%,1;). For an isotope emitting two particle groups, eq. (2) shows that the uncertainties of both

emission probabilities are equal, irrespective of the statistical uncertainties of the relative spectral
intensities of the two peaks, i.e.,

0 (zaz+zdr)”

dp,(%) =dp,(%) =
(5, +1,)

Additionally, if the particle groups have equal relative spectral intensities (I; =1,) and uncertainties
(dI; =d1,), then

dpi(%) _dp,(%) _ V2 dI
(%)  py(%) 2 I~

From eq. (3), one can see that the fractional uncertainties of the emission probabilities are smaller than
those of the corresponding relative spectral intensities.

185

(3)



JIom Jussalg |,

1000 F 1200  1000F 1L0°0 _ SOF $1Z0S
810+ 6£9T IT0+ 6£9T STO+T9ETIS
810+ IS€EL BEDH TCEL STO+LYT8ITS
(%]  A11qeqoxd uorssturg (aanyeran) Ayisuayug [A9Y] AS10u0 eyd[y

Aeoap eyde ng .
I SI9EL

'dnoad eydie A9Y-89T16 oy} jo Ajsuaur renoads QATJE[I Y] JO JBY) UBY) IS[[BUWIS ()G SI AjUrelIaoun smy)
‘Afreuonppy “Ayisuaiut Keoop-eyde [e101 o) Jo %6°66 1uasardar Aoy1 A[2AN09[[00 asnedaq St sIq ], (ST°0 =)
Kyureyrooun swres oy oaey sdnoid eydje SSUIIUL JsOW oM} Y} JO sanIfiqeqoid UOISSTUId ay) 1Y) SION]

00= X B0 b, Lo o S —— || =(y%)%dp
100°0 = 1L0°0Q o c= 0L X LELT AH Y0 X 7 [ : 100°0 Anm_v

pue

=X : ; 6°66 \il6E 07 .
ro=sestx (conxierte (58 1) (S2))_ (g
8 6¢ s 0T X LEL . ATz (%)4dp

e : . 666 v A H.m.\xv 1
L= 1S L S + | —— - el = d
gL°0 EL - s—OL X LEL] Tm.mh <7 I A 9g0 (%)'dp

QW009q (UWNjoo
PATYL 91 UL UQAIS) SanI[Iqeqord UOISSTUId AU} JO SoTjuIe)Iooun patB[noO[Ed Y} ‘SONISUIUI [BNo2ds JANR[RI
o4} 10§ 2Ie 1 9[qe) JO UWNOd PUOISS O} UT UAIZ SaNUILLIdOUN 9y} 1BY) Jumunsse pue (7) ‘ba Suisn

I0m Judsard oy} Ul pare[no[ed
senMIqeqoId UoTsSTUD 9y} Yitm SUOTE ‘I 9[qe) Ur pojsi Al [{7] ‘JoI woly nd .. JO BIRP ABOQp-Byd[® 20U

dvoap vydip nyg,, pe “SANNIGDQOLd UOISSIUG 2po11and paansvout A]102.41p [o sanUIDIIAIUL [t

sojdurexs eoidLj, “p

186



P4(%) \
—
T, ’Ts T6
P,(%) {
S e Tk s nan
Tof s
o, 2 3

p1 /o)\ |

~ |

“a [

Fig. 1. Simple decay scheme.

3. Particle emission probabilities derived from decay schemes

Let us consider a hypothetical radioactive nucleus with the simple decay scheme shown in fig. 1. Three
particle branches ( p) and six y-ray transitions (7') are involved.

Since there is no particle branching to the ground state, the three respective particle emission
probabilities may be derived from the y-ray transition intensities (photons plus conversion electrons):

T1*T2_Ts il el

T L Tan
p1(%) = 7—F— 45 26+ 100
TIT T s

% 100, pz(%) = m 4

X100, p,(%) =

Notice that p,(%), p,(%), and p;(%) are functions of the y-ray transition intensity imbalances
(-T,-T), (L+T,—T,), and (T,+ T, + T;), respectively, as well as of the normalizing factor
100/(T, + T; + T;). These are dependent quantities, and their corresponding uncertainties are affected by
cancellation effects, Using

4 ()= ¥ ($an]| @

k=1

the uncertainties become

0
dpl(%) = _—ﬂ.—mj(drlz(’rz S T3 s T5 + Ts)Z
(i + T+ )
2
5 (dT32 + dj‘;z)(Tl + 7+ :I:S)z + (de + dTéz)(Tl LR ]_;)2)1/ ’
100
(T + T+ Ty)
+(dT22 -+ dT42)(T1 + T3 + 7’&)2 2 (dT12 + dj—éz)(Tz—"‘ 713 . T4)2)1/25 (5)
and
100 N
dPa(%) . (dTﬁz(Tl Ry A 15)2

(T, + T+ T, )

+AT+ aTENT + T+ L) + (12 + AT2)(T+ T3+ 1))

Further, for example, if it is reasonable to assume that there is no particle population to the first excited
state, i.e., p;(%) =0, the y-ray intensity balance gives

h=T,+T,.
The particle emission probabilities then become
L+1T,-1T, T+ T, + T,
pa(%) = 224 %100 and  py(%) = 228 x 100,

T+ T+ T+ T, L+ L+ T+ 1,

and their corresponding uncertainties become equal, i.e.,

100
dp, (%) = dps(%) =
(L+T,+ T+ T,)

> (de(Tz + L+ T+ T)°

HAT+AT )+ T+ T + (AT + a2\ (T + 13 - 1)) (6

These equal uncertainties are consistent with the conservation of the total probability p,(%) + p,(%)
(= 100). Note that if the assumption p (%) =0 is not used, the uncertainties d p,(%) and d p,(%) given in

eq. (5) are consistent with a possible particle branch t?gt}xe first excited state, and, consequently, they are
not necessarily equal.
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CALCULATED UNCERTAINTIES OF ABSOLUTE y-RAY INTENSITIES AND DECAY
BRANCHING RATIOS DERIVED FROM DECAY SCHEMES

2. Description of the framework

2.1. Absolute y-ray intensities

Let us consider first a hypothetical 8~ emitter which populates the first excited state in the daughter
nucleus, as shown in fig. 1. The absolute intensity (y(%)) for the subsequent y-ray is

100
7Y —
146 ke (1)

o

. Y4 Y3

/ A {

Fig. 1. Simple single-mode decay scheme Fig. 2. Simple single-mode decay scheme.
where « is the total y-ray conversion coefficient, i.e., the ratio of the total number of conversion electrons
to the number of photons. Notice that the accuracy of this absolute intensity is independent of the photon
intensity measurement, and depends only on the accuracy of a. Let us consider now the decay scheme
shown in fig. 2. A normalizing factor N, between the relative and absolute intensity scales is

100

N = i 2
! I?l(1+a1)+l,r3(1+a3) )

where I,, I 5, « and a, are the relative y-ray intensities and their corresponding total conversion
coefficients. Notice that an alternative normalizing factor is

B 100 3)
sl a,) + 173(1 +a,)

N,

This latter fac.or assumes no direct 8~ population of either the ground state or first excited state, where
N, assumes only no direct 8~ population of the ground state. The accuracy of N, depends on the values of

the relative y-ray intensities, on their corresponding total conversion coefficients, and on the one
decay-scheme assumption.

Choosing N, the absolute intensity of y, is given by
1007,
L N T T )
1 1 ¥3 3

71(%):.le

The uncertainty of the normalizing fac.or similarly affects the absolute intensities o1 all of the y-rays. Its
numerical value, however, may not be the same for each y-ray, because the normalizing factor and the
relative y-ray intensities are not always independent quantities. The maximum contribution to the
uncertainty of the absolute intensity applies to those y-rays which have not been included in the

calculation of the normalizing factor, ie., y,. Other y-rays have lower uncertainties because of a
cancellation effect, e.g., v, (see eq. (4)) 188



3. General formulation
3.1. Uncertainties of absolute y-ray intensities

Let us consider the case of an isotope which decays through several decay modes (r), where only a
fraction G, of each mode does not populate the corresponding ground state in the daughter nucleus (i.e.,
1— G, is the fraction for that decay mode which directly populates the ground state). The absolute
intensity of the /th y-ray associated with the ith decay mode 1s

1001,
'YH(%) - 1 i
Z a’]’:r

Jat

) (6)

where T, (= [,,(1 + a;,)) is the total transition intensity, a;, is the total conversion coefficient of the jth
y-ray, and the summation is over all y-rays (j) from the various decay modes () used in the normalizing
procedure. Notice that for each decay mode there may be several y-rays.

The relative uncertainty of v,(%) may be derived by first defining the variable

1
100 L=
Jt
YH Y!i(%) Ij,‘ % Gr( aﬂ)aji ti | ( )

where § is the Kronecker delta function, and then by calculating dY), /Y, (= dv,(%)/v,:(%)) in first order
approximation in a Taylor series expansion.

Using
172
T 3 aﬁ%ﬂ*z+-2 Mige,| ! (8)
Y, N\ A st )

the relative uncertainty of v, (%) becomes

i ‘ 1 2 ST AL

“tt’ 2 E'@”d“ﬂﬁﬂ (ZT;”) Z_E('—-)
dY.’i(%) E}:'l ) o) dIﬁ J . It ] GI !
o =D+ CH—| +|——I;| + : (9)

, I 1 2
‘Yh(%) Y.’r li Z__ ]
Jit G, g ,162?"
i L
where
1 ’
7 Edﬂr (1L8ﬂ) _ —j;r(l—aﬂ)
p2= and C2= —= ;
[ 2 { 1 )
1
ot J.ur
For one decay mode, ¢ =1 and eq. (9) becomes
2 12
dy, (%) a1\ 2dey dG \?
A 2 2 ! ¥
=l Drw i~ | A l—=——1 +(~—) 10
w(® | (,) 1, | TG (10)
J
where

Y dT?(1-8,) (£50-8))

Dp=L —— — and C}=— ,
(z7) (T
J J

Eq. (10) is equivalent to one given by Browne and Firestone [1]. Notice that for y-rays which have not
been included in the calculation of the normalizing factor (i.e., for y-rays with [+ j), C ?=1 and the third
term vanishes in eqgs. (9) and (10). Eq. (10) then becomes

2
dy, (% I\’ T
v(%) _ DF+ | =< +(§-(;’-) : (11)
Y,(%) 1 G
where the first and third terms in the second member of the equation represent the contribution from the

uncertainty of the normalizing factor, and the second term, that from the relative photon intensity. These
contributions are independent quantities. 189




2.2. Decay branching ratios

. Decay branching ratios may be calculated from relative y-ray intensities and decay-scheme considera-
tions. Let us consider the hypothetical decay scheme shown in fig. 3.

EC # N g

Y4 [
| _ el
74 Y3
3

Fig. 3. Simple double-mode decay scheme.

If we assume no direct population to the ground states of the respective daughter nuclei, the 8~
branching ratio (B;_) is given by

Ly(1+e,)+ L;(1+a3)

By_= . (5)
A T+ eg) + Ly (1 + ) + La(1+ ) .

As with N, above, the accuracy of B,_ is affected by cancellation effects, i.e., the numerator and the
denominator in eq. (5) are not independent quantities.

3.2. Uncertainties of decay branching ratios

The following expression gives the branching ratio (B,) for the ith decay mode of an isotope which
decays through several decay modes (¢):

1
G4
Bi=—7—- (12)
=T,
J,t 7t

Here the summation in the numerator is over all y-rays (j) which carry the total decay intensity through
the ith decay mode, and the summation in the denominator includes all y-rays which carry the full
disintegration intensity through all decay modes (#). Since once again the numerator and the denominator
in the equation are not independent quantities, the relative uncertainty of B, may be derived by first
defining the variable

1 ZR“T},(l _6::)
i
Z=—=1+ , (13)
B, ETH

where R, = G,/G,, and then by calculating dZ,/Z, (= d B,/B,) in a manner analogous to that in sect. 3.1.
The relative uncertainty of B; becomes

2
ZRrij}z(lfar.i) i

Jt ;
LT} + SR, 41201 -0,) + £ 5,0-8)) Taky |
J :

dB 1
ZR:J;: Z 7}: Jt Jt
it 4

B

i
i

where (14)

N RIS T oAy
dRy =Ry _G—! G .

If the y-rays used in the calculation carry the full intensity for each decay mode, i.e., if there is no direct
ground-state population of the daughter nuclei, G,=1, R,;=1, and dR,;= 0 for all values of ¢ and i. Eq.
(14) is then

Z 7:"(‘ (1 - Bn) ’ v
s YA+ LA -8, | (15)
i Jat

: ZT;: ZT:::
)
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Table 1
921¢ y-rays populating the ground states of 2Pt and 1%20s ¥

Energy (E,) Relative intensity (/) Multipolarity and Transition intensity (T)
[keV] [rel] conversion coefficient (&) T=L01+a)

205.8 401 +0.06 E2, 0.305 5.233 £0.145

316.5 1000 405 E2, 0.085 _ 1085 +1.0

489.1 0.527 +0.009 E2, 0.0242 0.540 +0.009

612.5 6:365 +0.025 E2, 0.0155 6.464 +0.027
1378.5 0.0016 + 0.0005 E3, 0.0035 +0.0009 ® 0.0016 + 0.0005

¥ y-ray energies and intensities are from ref. [3]. Conversion coefficients are theoretical values from ref. [3], with 10% assumed
uncertainty, except as otherwise indicated.
5 Experimental value from ref. [4].

and the corresponding relative uncertainty by

dB;_ 1 (( 5.773

2 1,2
= ; : =(.00127.
Bﬁ“ 12074 114.96) 1 0-!-0021) 0.0012

Therefore Bs-(%) =95.2 £ 0.1, and Bpc(%) =4.8 +0.1.
4.2. Absolute y-ray intensities

The normalizing factor for the absolute intensities is

100

= m = 0.8282.

The relative uncertainty of the intensity for the 316.5-keV y-ray (which has been used for calculating the
normalizing factor N) 1s

dy(%) | .2, 2/ 0.5}, (0.0085 £
S P +Cf(1oo) +(120.74100) ’
where
2 2 2 2
D= 0.145% +0.009% + 0.027% + 0.0005* _ . '\ 10-6
120.74%
and

e [ 5.233 + 0.540 + 6.464 + 0.0016
L 120.74

dy(%)/v(%) then becomes 0.00716 and the absolute intensity,
v(%) =82.8 +£0.6.

2
] =1.02x1072.

For the 468-keV y-ray (which has not been used for calculating the normalizing factor N),

23 211,/2
dY(%) o -D(2+ C{E(L) :
(%) 57.76
in which
1452 2 +1.02+0.027% 00052
DE: 0.145< 4+ 0.009 1.0 0.027-4+ 0.0 =705 10-% “and C[g o208

120.742
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Special topics

The following two topics were added to the agenda:

1) Nominal gamma-ray with Iy = 100 and NO uncertainty
2) Rounding off uncertainties

1) How to handle a nominal gamma-ray intensity of 100 with an (or without any) uncertainty given.

The following procedure has been suggested and approved by consensus:
a) If authors clearly describe their uncertainties and explain that the uncertainty in Iy = 100 has been
folded into the uncertainties of the other 7y rays, then use Iy = 100 (with no uncertainty) in the
DDEP evaluation.
b) If authors do not describe their uncertainties, then include a reasonable guess for the uncertainty of
Iy = 100 (for example: Iy = 100 * 2), and use this value in the DDEP evaluation.

After doing these changes, then normalize gamma-ray intensities to “intensities per 100 decays of the parent
nuclide”.

2) Rounding off uncertainties
The following two proposals for presenting uncertainties were suggested:

a) Uncertainties where the two most significant digits are between 10 and 25 should be rounded off to
those two digits. Uncertainties > 25 should be rounded off to one significant digit.

b)  “To produce a central value with a number of figures compatible with its uncertainty in the

measurement, this value should be rounded off so its error due to rounding would be less than 1/10 the
uncertainty in the measurement”.
This rule is commonly expressed as follows: if the most significant figure in the uncertainty is between 5
and 9, then the central value is rounded off to that figure and its uncertainty should have just one digit. If
the most significant figure is less than 5, then the central value is rounded off to the next significant
figure and its uncertainty should have two digits.

Details are given in the two following appendixes.
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Conclusions

The participants concurred that it was a fruitful meeting and made the following remarks :

- Most lectures were very appropriate and helpful;

- It would have been useful to have more time available for practicing with the use of data analysis
software tools at this workshop.

- They had difficulties starting their own evaluations before attending this workshop. Also, they
anticipated a need for ongoing support from senior evaluators as they proceed with their own
evaluations.

- They suggested the creation of a “DDEP WEB FORUM?” in the Internet for members of the
collaboration to discuss various topics of data evaluation.

- They suggested another training workshop by the end of 2007 or the beginning of 2008.

The participants received each a CD-ROM that contained both all the DDEP software tools and the slides
from these workshop presentations.

(Note: the DDEP web forum is now available at: http://laraweb.free.fr/DDEP_forum)
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APPENDIX 1

Proposed guidelines for rounding of uncertainties (Draft 2)

Desmond MacMahon

1. The UKAS document M3003, The Expression of Uncertainty and Confidence in
Measurement states:

Para 8.6

"The number of figures in a reported uncertainty should always reflect practical
measurement capability. In view of the process for estimating uncertainties it is
seldom justified to report more than two significant figures. Uncertainties should
normally be rounded up to the appropriate number of figures but may be rounded
down when this does not significantly reduce confidence in a measurement
result."

Para 8.7

"The numerical value of the measurement result should normally be rounded to
the least significant figure in the value of the expanded uncertainty quoted unless
there are justifiable reasons for quoting more figures. The normal rules of
rounding apply, however, if the rounding decreases the value of the uncertainty by
more than 5%, the rounded-up value should be used. Rounding of results and
uncertainties should be carried out only at the final stages of the calculation in
order to prevent cumulative rounding errors having a significant effect."

2. It is not usually justified to quote a final uncertainty to more than two significant
figures and, in many cases one digit is sufficient, as indicated below.

3. In the calculation of final uncertainties up to 3 digits should be retained during the
calculations.

4. The effect of the 5% rule would be: -

uncertainties of greater than 945 and less than 1050 become 10
“ 840 and up to 945  become 9
“ 735 ¢ 840  become 8
“ 630 735  become 7
“ 525 ¢ 630  become 6
« 420 525  become 5
«“ 315 ¢ 420  become 4
“ greater than, or equal to 255 ¢ 315 become 3

uncertainties, where the two most significant digits are from 10 to 25, are rounded
in the normal manner to two significant digits.
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5. The number of significant digits quoted in the parameter value is then adjusted to
match those quoted in the final (k=1) uncertainty. If the uncertainty has been
expressed as a percentage, this is not straightforward. It is necessary to express
the uncertainty in absolute terms, i.e. in the same units as the parameter value, to
determine the number of significant figures in that parameter value.

6. Where uncertainties are quoted with the coverage factor k=2, rounding should
take place for the k=1 uncertainty and the result doubled to obtain the k=2
uncertainty.

Desmond MacMahon

20" February 2004

210



APPENDIX 2

COMMISSARIAT A L'ENERGIE ATOMIQUE

J/\I
BUREAU
NATIONAL
DE METROLOGIE

LABORATOIRE NATIONAL
HENRI BECQUEREL

Note technique LNHB/04-13

Rounding of measurement results

Number of significant figures

M.M. B¢, P. Blanchis, C. Dulieu

28 avril 2004
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LNHB 04/13 A 28/04/2004

|- Introduction

This document states the manner of presenting results in scientific and technical reports with
specia reference to the number of significant figures of the values of quantities and the associated
uncertainty.

How many significant figures should be given for uncertainty of measurement? It is to be
noted that, whatever the case, if absolute uncertainty is indicated, the number of figures must be
consistent with that of the quantity.

Example: A = (123.45 + 0.08) Bq and not A = (123.45 £ 0.081) Bq.

Thefollowing ruleisjustified below:

If thefirst significant figure of the uncertainty is between 5 and 9, the result is rounded
off to that decimal (uncertainty then has been given to one significant figure); if the first
significant figureislessthan 5, theresult is rounded off to the next decimal (2 significant figures
for uncertainty).

Application functions are given in the appendix.

[1- Notation

The notation used is in accordance with the recommendation in the “Guide to the expression
of uncertainty in measurement”, i.e. preferably:

“A = 123.456 (11) Bg where the number between brackets is the numerical value of the
combined standard uncertainty relating to the last two figures corresponding to the result given”. The
third component of the result is the unit in which the numerical value is expressed.

Examples:
A=1230(1)Bq meansA =(123.0+0.1) Bq
A =123(1) Bq means A = (123 + 1) Bq
A =123.0(11) Bg meansA =(123.0+ 1.1) Bq

I11- Rounding of results

“Scientific common sense” (?) would suggest that a number with a string of decimals is not
significant and that it “needs’ to be rounded off.

By convention, the following empirical rule is applied “if the number that follows the decimal
at the point where it is to be rounded off is 5 or greater, the figure is rounded off to the higher figure
and otherwise the lower figure”.

Example:
Gross figure 5.6789123 5.432167
Rounded off to 0.001 0.001
Number rounded off to 3 decimal | 5.679 5.432
places
Rounding error +0.0000877 - 0.000167
Rounding off to 5 decimal places | 5.67891 5.43217
MMBé&/PBI/ChD 16
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But rounding off the gross figure introduces error into its value. This error is less than 5/9 of
the decimal it is rounded off to.

V- Determination of the number of significant figures

However, al the readings given in atechnical memorandum need to have three components:
- the value of the quantity;
- the associated uncertainty;
- the unit.

Knowledge of the uncertainty imposes the number of significant figures of the quantity.

The following rules determine the number of decimal placesit isrounded off to:
- truncation of the number must not result in loss of decimals that contain meaningful information (i.e.
significant decimals);
- meaningless decimals must not be left (i.e. non-significant figures).
The number of significant figures of a result depends on the value of its uncertainty. Before any
calculations are made, the following considerations need to be reviewed.

Taking the above example:

m gross number 5.6789123 5.6789123
u uncertainty 0.006243 0.002341
X rounding factor 5 5
u/x 0.0012486 0.0004682
S decimal rounded off to 0.001 0.0001
m number rounded off to s decimals 5.679 5.6789

final number 5.679 (6) 5.6789 (23)
r rounding error +0.0000877 - 0.0000123

A number X is sought such that the rounding of a number m does not result in an error in its
value greater that u/x, where u is the uncertainty of measurement and x a factor to be determined (set
at 5 in the above example).

It will be noted that:

- The straightforward rounding off a number is consistent with r £ §/2, which always remains
true.

- The number of decimal places to be rounded off to is determined by the uncertainty, i.e.
finding a number of X, such that s £ u/x, where u is the uncertainty associated with the result.
However, to avoid leaving non-significant decimal, a relationship of the u/10x < s type must be
complied with.

Thisresults in arounded-off value such that: r £ u/2x.

MMB¢&/PBI/ChD 2/6
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- If x < 1then: u/x > u; therefore in certain cases it could be possible for: r > u/2 and the
result of the rounding being outside the interval m+ u. Which impliesthat x> 1.

- If x> 5, thenr £ W10 and the number of significant figures of the uncertainty can, in
certain cases, be greater than 2. Which is unthinkable.

=>Thenumber x to be adopted must therefore be between 1 and 5.

Notes concerning values of x:

1) Number x = 5 corresponds to the recommendations of former French Standard AFNOR NF
X 06-044 which are: “To obtain a final result containing a number of figures compatible with the
uncertainty of measurement, the result is to be rounded off in such a manner that the error due to
rounding is less than 1/10 of the uncertainty of measurement”.

This rule is also commonly expressed as follows: if the first significant figure of the
uncertainty is between 5 and 9, the result is rounded off to that decimal (uncertainty then has
been given to one significant figure); if the first significant figure is less than 5, the result is
rounded off to the next decimal (2 significant figuresfor uncertainty).

Taking the proceeding example:
m gross figure 5.6789123 5.6789123
u uncertainty 0.006243 0.002341
X rounding factor 5 5
results 5.679 (6) 5.6789 (23)

2) Our colleagues at PTB use x = 3, with the result that the rounding error remains less than
/6.

V- Value of rounding error

What value should be adopted for x? Can this value be more precisely estimated in view of
the measurements commonly made in the laboratory? What rounding error can reasonably be
accepted?

For a series of n measurements{ Xi }, the average value of theresults{ Xi } isgiven by:
lo .
=—aX
nd

and the experimental variance of the average of the n measurements{ Xi }asfollows:

2 _ 1 o o 2
S 1)&} (Xi - m)

If quantity s, is determined on the basis of experimental data, what is its uncertainty?

MMB¢&/PBI/ChD 3/6
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If the quantity X is distributed in accordance with a normal law, the variance of qu is:

p(2)=lsz - <2f

The relative uncertainty concerning the value of the experimental valueis:

/D( 2)
d(Srf])z S_zsm = ’n?l

The uncertainty Uy associated with the experimental value mis proportional of the square root of S,i
and itsrelative uncertainty is:

It is thus necessary to make some fifty measurements to obtain a relative uncertainty of the
experimental standard deviation of 10 %.

a) How many measurements are commonly made to determine the radioactivity of a sample
for instance? In the case of international comparison ? Of a standardization ?

Most specific radioactivity measurements are made with a maximum of 10 sources, and in an
experimental standard deviation uncertainty of 24%. With 5 sources, the uncertainty amounts to 36%.
And thisis based on the assumption that the distribution is Gaussian, which is hard to prove.
Furthermore, in view of the inevitable approximations and interpretations made during determination
of the uncertainties by type B methods (the distribution law is generally unknown except in certain
specific cases, Poisson's law for instance) the combined uncertainty of the result is rarely known
within more than 50 %.

b) And what of rounding after “evaluation” of data?

A data set for a given quantity rarely exceeds around ten items.

In a certain number of cases, the final uncertainty adopted is the external uncertainty, with the result
that the relative uncertainty of this uncertainty is necessarily greater than 1/10.

In other cases, the final uncertainty is the standard uncertainty obtained from the experimental
standard uncertainties given by the researchers. Here, the calculation of the varianceis correct, i.e. the
relative uncertainty concerning the evaluated standard uncertainty is as reliable as the relative
uncertainties relating to the experimental standard uncertainties.

This begs the question as to what is the relative uncertainty for the experimental standard uncertainty?
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Conclusions:

1) The 1/10 rule: “To obtain a final result containing a number of figures compatible with the
uncertainty of measurement, the result is to be rounded off in such a manner that the error due to
rounding is less than 1/10 of the uncertainty of measurement” appears to be optimistic.

2) But thisruleis applicable in afew cases.

3) Besides, the results of measurements obtained are frequently subsequently used in calculation
programs where new sources of error are present. In particular, the following rule should be born in
mind: “complete the calculations before rounding”. It is accordingly preferable to retain the 1/10 rule;
if the first significant figure of the uncertainty is between 5 and 9, the result is rounded off to that
decimal (uncertainty then has been given to one significant figure); if the first significant figureisless
than 5, the result is rounded off to the next decimal (2 significant figures for uncertainty).

4) Examples:
value uncertainty Result
123.567 8912 0.000512 3 123.567 9 (5)
123.567 891 2 0.000 492 3 123.567 89 (49)
987.21 10.567 987 (11)
987.21 1.056 7 987.2 (11)
98 765.432 1 56.123 98 770 (60)
98 765.432 1 5.612 3 98 765 (6)
98 765.432 1 0.561 23 98 765.4 (6)

The appendix contains the functions for rounding off a number and its uncertainty.
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Appendix

Excel functions:
'Returns the rounded value of aresult (or its uncertainty) as a function of its uncertainty
"forx=5

Function ResRond(Result, Uncertainty)
With Application
ResRond = .Round(Result, -1 - Int(.Log(Uncertainty/ 50)))
End With
End Function

'Returns the value of aresult (or its uncertainty) as a function of its uncertainty
"forx=3

Function ResRond(Result,Uncertainty)
With Application
ResRond = .Round(Result, -1 - Int(.Log(Uncertainty / 30)))
End With
End Function

'Returnsin TEXT FORMAT the rounded value of aresult and of its uncertainty (e.g. 12.345(26) )
"forx=5
Function ResRondTxt(Result, Uncertainty)
With Application
nb_chif = -1 - Int(.Log(Uncertainty / 50))
ResRondTxt = .Fixed(ResRond(Result, Uncertainty), nb_chif) +
"(" + .Fixed(ResRond(Uncertainty, Uncertainty) * 10~ nb_chif, 0) +")"
End With
End Function
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